A gravitational model of magnons in thermal equilibrium with a ferromagnetic spin chain is developed in a phenomenological bottom-up approach. A large Schwarzschild-AdS black hole background is used as the thermal reservoir and the magnon dynamics is obtained by scalar fields and branes in the bulk. The key feature of this model is that the coupling of the spin chain is related with the radial position in which the brane is located. We further study frustrated spin chains and find that the couplings are related by the difference of positions of the branes. The presence of the second brane breaks the ordered phase of the ferromagnetic state. We show how to obtain the model from a weak limit of a dynamical gravitational system. This allows us to embed the model into a holographic system. The couplings can be related to entanglement entropy at finite temperature of the CFT since the turning point of minimal surfaces coincides with the position of the branes. The difference of entropy is used to define a notion of distance between the couplings of the frustrated chain.
I. INTRODUCTION
In ferromagnetism the temperature of the thermal reservoir must be below the Curie temperature in order to obtain spontaneous magnetization. Moreover, at zero temperature the ferromagnetic spin chain is in its ground state and the spontaneous magnetization reaches its saturation value. For small temperatures, spin-wave excitations occur and the saturation magnetization receives finite temperature corrections [1, 3, 23, 36] . Spin-wave theory tells us that these corrections can be systematically studied in the large spin limit (semiclassical limit) by an effective theory of magnons (the quanta of spin waves).
Ferromagnetism corresponds to a system in which rotational symmetry is spontaneously broken. Spontaneous magnetization arises from a vacuum expectation value and the Goldstone modes correspond to magnons. At finite temperature, spontaneous symmetry breaking of continuus symmetries cannot be realized in one or two spatial dimensions [11, 30] . Therefore, the effective theory of magnons must be defined in p = 3 spatial dimensions. For low momenta, the leading order contribution of magnons to the excitated states of the spin chain Hamiltonian can be represented by a O(3) NLσ model of scalar fields in the continuum limit [6, 35, 36] .
Taking in consideration the phenomenology of ferromagnetism and spin-wave theory. The proposed gravitational model considers a large Schwarzschild-AdS black hole (SAdS-BH) as the thermal reservoir with its temperature below the Curie point. In fact this black hole has been exploited in the AdS/CFT correspondence * Electronic address: jdiegochang@ecfm.usac.edu.gt † Electronic address: rdeleon@ecfm.usac.edu.gt ‡ Electronic address: japonciano@ecfm.usac.edu.gt § Electronic address: ramirez@ecfm.usac.edu.gt [15, 29, 38] by relating the gravity side to a high temperature phase of a dual field theory. The correspondence is holographic; the spacetime background of the field theory is identified with the boundary of AdS. Motivated by condensed matter applications of the AdS/CFT correspondence, see [16, 32] for a review, we are interested in the dynamics of scalar fields and fixed p-branes on a large SAdS-BH background (in the planar limit) in order to study magnons of a quantum ferromagnetic spin chain in thermal equilibrium. The magnons correspond to scalar fields/brane system in the black hole background. In a holographic context, ferromagnets have been already studied in the literature [8, 9, 22, 39] . A more abstract relation with ferromagnetism was realized in [31] (see also [5, 25, 26, 32, 40] ). The computation of 1-loop anomalous dimension for certain N = 4 super Yang Mills operators can be map to the diagonalization of a spin 1 2 ferromagnetic Heisenberg chain. Magnons correspond to impurities (other fields) that propagate in the chain. The dispersion relation of these magnons were computed from a semiclassical rotating string in AdS 5 × S 5 in [19] .
In a phenomenological approach, Yokoi et al. [39] developed the dictionary between a ferromagnetic system with a holographic system. The field theory content of their model follows from an action invariant under a gauged SU (2) and global U (1). The ordered state is achieved since the SU (2) is spontaneously broken to U (1) via the "Mexican hat" scalar potential.
Here we also follow a phenomenological approach but realize ferromagnetism in a different way. We are interested in the scalar fields in the adjoint of the SU (2). No external current is considered and we focus only on the magnon contribution on the saturation magnetization. The magnon NLσ model is obtained from the on-shell action of the scalar fields evaluated at large limit of the radial holographic coordinate in the presence of a 3-brane with negative tension. The NLσ model coupling is found to be strong and non linearity in the σ-model is achieved via the brane. Its effect is to compactify the flat target space (after adding a north pole) of the scalar fields to a sphere. The key feature of this model is that the coupling of the spin chain, J, which determines the nature of the ground state of the chain is related with the radial position in which the 3-brane is located.
This setup provides a framework to study frustrated spin chains. These type of systems can be obtained by a suitable addition of independent scalar fields with their respective 3-branes. The couplings are found to be related to the positions of the branes and their absolute value behaves as local fiducial temperatures, i.e. temperatures measured by an observer at a fixed distance from the black hole. It is found that the presence of the second brane deviates the system from its ferromagnetic ordered state.
We also show how to obtain the model from a weak limit of a dynamical gravitational system. This allows us to embed the model into a holographic system. The couplings can be related to entanglement entropy at finite temperature since the turning point of minimal surfaces coincides with the position of the branes. The overall relation of the theories is depicted in Figure 1 marized in a thermodynamic diagram depicted in Figure  7 . In that diagram, an isotermal curve is at constant Hawking temperature in the CFT and an adiabatic curve is realized in the bulk. Finally, the difference of entropy is used to define a notion of distance between the couplings of the frustrated chain.
In order to provide a clear exposition to the possible communities interested in this work, the paper briefly reviews fundamental concepts in gravitational physics and spin chain physics. It is organized as follows. In section II we summarize relevant properties of the large SAdS-BH in the planar limit and the dynamics of a scalar field in such background. Section III is devoted to reviewing spin-wave theory of the quantum ferromagnetic XXX Heisenberg spin chain, its connection with the gravitational dual and constructing the gravitational dual model of magnons of a frustrated spin chain. Finally, section IV contains the summary and discussion.
II. LARGE SADS BLACK HOLE
The geometry and thermodynamics of a SAdS-BH [7, 17, 18, 21, 27] compared with an asymptotically flat Schwarzschild black hole (S-BH) differ in several interesting ways. The evident geometrical difference corresponds to the behaviour in the infrared regions. Contrary to the S-BH, the SAdS-BH is regulated in the IR limit since the global AdS geometry acts as a confining box. This has important thermodynamic consequences. For example, the local fiducial temperature measured by fiducial observers in a S-BH approaches the Hawking temperature far away from the black hole and diverges in the horizon. For the SAdS-BH, local fiducial temperature vanishes at the boundary.
Another relevant geometrical difference between the black holes is that SAdS-BH has two characteristic length scales: the radius of AdS, L, and the horizon radius r + . Therefore, the Hawking temperature scales differently for particular values of L and r + . The SAdS-BH splits into two branches: large black hole (r + ≫ p−1 p+1 L) and small black hole (r + ≪ p−1 p+1 L), where p denotes the spatial dimensions. The former is known to follow the Stefan-Boltzmann law; it has positive heat capacity and is thermodynamically stable. This should be contrasted with the asymptotically flat S-BH; it has negative heat capacity and does not reach a stable equilibrium.
The line segment of a Euclidean AdS p+2 static spherically symmetric black hole is given by
with
The boundary is located at r → ∞ and for r + = 0 the metric reduces to the static patch of hyperbolic space. If we consider the scaling τ → λτ , r → r/λ and r + → r + /λ, the metric is not invariant, which reflects the inequivalence of AdS black holes with spherical horizon at different radii. The Hawking temperature is
It has a local minimum at r * + = p−1 p+1 L and therefore T H ≥ 1 2πL (p − 1)(p + 1). The SAdS-BH can be classified into two branches: large r + ≫ r * + and small r + ≪ r * + . One can see that the temperature of the large SAdS-BH grows linearly with r + and the small SAdS-BH decays as 1/r + . The former case is relevant to the the AdS/CFT correspondence and the latter corresponds to the usual temperature dependence of a Schwarzschild black hole horizon radius. If we consider the large limit r + ≫ r * + and a rescaling of the coordinates, the metric is invariant if and only if the horizon is planar, i.e. r 2 dΩ 2 p ≈ (r/L) 2 dx 2 p . These black holes are referred to planar AdS black hole [41] and its metric is given by
We can conclude that planar horizon AdS black holes with different horizon radii are equivalent by scale transformations. This equivalence, in physical terms, implies that there is no local measurement of the temperature and its functional form can be determined simply by scaling and dimensional analysis which can check this from
From now on, we will use the planar horizon approximation of the SAdS-BH. The energy and entropy density of the planar black hole are
where G p+2 is the (p+2)-dimensional Newton's constant. One particular thermodynamic property of the planar SAdS-BH is that it follows the Stefan-Boltzmann law. Together with its stability, this justifies the consideration of this black hole as a thermal reservoir.
A. Scalar field in the large SAdS-BH background
The wave equation of a dimensionless and massless scalar field Φ in the background given by Eq. (4) is
where Φ ′ stands the partial derivative respect to r andΦ with respect to τ . Since the horizon is planar and at finite temperature we have τ ∼ τ + β and the scalar field can be expanded in terms of Matsubara and Fourier modes:
where l is a characteristic length scale of the system that provides a UV cutoff. Therefore, the geometry suggests that the field can be decomposed as
where Φ 0 is static and corresponds to the case n = 0. The field Θ involves the rest of the modes. The wave equation is obtained after substituting the expansion (9) into Eq. (8) . Thus, it is reduced to
This radial equation is subject to boundary conditions. Near the AdS boundary the solution is of the form
where A ± n,k are the constants of integration. The solution with the dependence r −(p+1) vanishes at the boundary and therefore is normalizable. Then, at large r the zero mode Φ 0 takes the form
Now that we have the form at the boundary of the static solution, let us consider an Euclidean action from which the equation can be derived. We propose
For the normalizable zero mode, at large r, the on-shell action becomes
We have performed the radial integral from r i to infinity. It is assumed that r i is close to the boundary. The key feature of the model is that the coupling g and λ depends on the characteristic scales of the system and the initial value of integration, as shown in Figure 2 . The regime of large r i and close to the boundary implies that the coupling g is strong.
B. Adding a p-brane and the O(3) NLσ model
Let us add a p-brane located at r = r i into the Euclidean action given in Eq. (14) . Then where γ is the induced metric and σ is the tension of the p-brane. Taking the tension to be
the on-shell action for the normalizable zero mode will take the form
Therefore we obtain a potential which can be interpreted as a constraint with a Lagrange multiplier λ. The constraint enforces the zero mode to take its value on one of the two points of S 0 . We can generalize Eq. (17) in order to obtain a O(3) NLσ model. This can be achieved by exploiting the equivalence of the Lie algebra of SU (2) and O(3). We consider the scalar field to be in the adjoint representation of SU (2) and the action is
with Φ = Φ a T a , the set {T a } are the generators of su(2). The on-shell action for the normalizable zero modes is
where φ + 0 · φ + 0 = φ +a 0 φ +b 0 δ ab . In this approximation, the effect of adding a brane with negative tension is to compactify the target space (after adding a north pole) of the normalizable zero modes to S 2 .
III. GRAVITATIONAL DUAL

A. Spin-wave theory review
First let us review the key results of spin-wave theory. The Hamiltonian of a ferromagnetic XXX Heisenberg quantum spin chain is given by
where J < 0, i, j stands for the pair of nearest neighbour sites and S i = (S 1 i , S 2 i , S 
and S ± = S 1 ± iS 2 . The Holstein-Primakoff transformation is defined as
where the operators a, a † satisfy [a, a † ] = 1. The vaccum state of the bosonic operators |0 , is identified with the state |s, m s = +s . In the s → ∞ limit, the Hamiltonian given by Eq. (22) becomes
which corresponds to the semi-classical Hamiltonian in linear spin-wave theory. It can be diagonalized using the Fourier representation of the bosonic operators. Thus
where N is the number of sites in the lattice and v corresponds to the nearest-neighbourhood vector. In this Hamiltonian, the first term corresponds to the groundstate energy and the second term to the excitations referred to magnons. Quartic corrections of order O(1/s) to the Hamiltonian, Eq. (29), will introduce magnonmagnon interactions. The dispersion relation of a single magnon is
For small k · v, we have E(k) ∼ |J|s||k|| 2 , which corresponds to a non-relativistic dispersion relation. In this low energy regime the magnons can be described by a O(3) NLσ-model of the classical field φ with S = s φ (due to the s → ∞ limit) and φ · φ = 1. The O(3) NLσ model of magnons is assumed to be equal to the one given by Eq. (21) . By comparing the coupling g defined in Eq. (16) and the continuum limit of Eq. (22), we identify
This result establishes the gravitational dual of the ferromagnetic magnons.
B. Frustrated J1-J2 system
The frustrated J 1 -J 2 spin chain [42] is defined by
where J 1 , J 2 < 0 and i, j denotes the next nearneighbour, as seen in Figure 3 . The low energy dispersion relation of magnons gives E(k) ≈ (|J 1 |s+ 4|J 2 |s)||k|| 2 . Therefore, this suggest that we must add another scalar field Ψ and a 3-brane at a different locationr i = r i + ∆r i . Let S 2 be the analogous action given by Eq. (20) for the field Ψ and 3-brane. This action is of the form
After the shift r → r − ∆r i and assuming ∆r i to be finite and small, we can use a Taylor expansion for the Lagrangian. Therefore, up to ∆r i corrections, the total action corresponds to the addition of the action for each field/3-brane system. Within this approximation the addition of systems is justified and by means of Eq. (31), the couplings are related by
where α parametrized the position of the second brane. The brane tensions are related by FIG. 4: The α-dependence of the ratio of couplings and the ratio of the brane tensions. The ratios diverge for α → −1, as described in Equations (34) and (35) .
The α-dependence of this ratios is depicted in Figure 4 . On the other hand, the local fiducial temperature is given by
For r i ≫ r + , the gradient of fiducial temperature is
This expression suggests that the ratios given by Eq. (34) with respect to the parameter α behave as the gradient of local fiducial temperature. In particular, the absolute value of couplings behave as local fiducial temperatures
This is depicted in Figure 5 . The action of the scalar/brane system, i.e. the action for the magnons, can be embedded in a system in which gravity is dynamical. We are required to consider the partition function of a gravity+matter action
where S m = S m [g, Φ, Ψ, σ 1 , σ 2 ]. The gravitational action S grav. includes the Gibbons-Hawking-York surface term and the counterterm action (see [4] and [14] for a recent perspective). The gravitons are introduced via the linear splitting of the metric g MN =ḡ MN + κh MN , whereḡ MN corresponds to the large SAdS-BH background and κ 2 = 8πG p+2 . Expanding the total action one finds
where S grav.
[ḡ] is the finite gravitational on-shell action,
is the action used in the model and ∆S includes graviton interactions. In the weak gravity limit κ → 0 the partition function becomes
If we expand S eff around the normalizable zero modes, we obtain
We find that the action of magnons corresponds to an effective theory.
If we further assume that this partition function corresponds to the large limit of effective number of degrees of freedom (c eff → ∞) of the partition function of string theory, the GKP-Witten relation in holography [15, 38] tells us that Z CFT = Z gravity+matter . In the AdS/CFT dictionary (see for example [2, 12, 24] ), the non-normalizable solutions are regarded as the sources of the operators in the CFT and normalizable solutions correspond to physical fluctuations in the bulk. For the solution given in Eq. (13), the field φ − 0 (x) corresponds to the source of an operator O(x) of dimension ∆ = 4 in the CFT.
The planar SAdS-BH is dual to a CFT at finite Hawking temperature. We can relate the spin chain couplings to holographic entanglement entropy at finite temperature in the CFT by relating the brane position with the turning point of minimal surfaces [20, 34] . Since the holographic entanglement entropy is proportional to the area of the minimal surface, from Figure 6 , we can deduce
At high temperatures, finite temperature entanglement entropy reduces to the Stefan-Boltzmann law of entropy [10, 37]. The entropy scales as ∆x · T 3 H for ∆x · T H ≫ 1, where ∆x corresponds to the volume size of the subsystem in which the minimal surface is attached at the boundary. Hence, the ratios can be written as
and we propose the relation between the couplings and entanglement entropy to be
for |J 2 | > |J 1 | and |J 1 | > |J 2 | respectively.
IV. SUMMARY AND DISCUSSION
The gravitational model of magnons of a frustrated spin chain in thermal equilibrium has been developed. Linear spin-wave theory allows us to interpret the couplings of the chain as an extra dimension in different positions. They correspond to the radial holographic coordinate in the planar limit of a large SAdS-BH. From the physical point of view, the consequences of these relations is summarized in the thermodynamic diagram given in Figure 7 . The isothermal curve is at constant Hawking temperature in the CFT and the adiabatic curve is realized in the bulk. In order to study the thermodynamic diagram, let us consider the classical version of the frustrated spin The ferromagnetic ordered state solution is obtained with θ = 0 without any relations between the couplings. The other possibility is
The ratio as a function of θ reaches its minimum value of 1/4 at θ = nπ and blows up for θ = πn/2, 3πn/2, where n is a non-zero integer. This shows that frustration destroys the ferromagnetic ordered state. Due to the symmetric shape of the function, the angle domain is restricted to π/2 < θ ≤ π. The system is in a incommensurable ordered state for π/2 < θ < π, i.e. the system is ordered but without periodicity. For θ * ≈ 1.8234 we get |J 2 | = |J 1 |. Therefore |J 2 | > |J 1 | for π/2 < θ < θ * and |J 2 | < |J 1 | for θ * < θ < π. For example, let us consider the case |J 2 | = 2|J 1 |. This corresponds to θ ≈ 1.6961. By means of Eq. (34), it is found that for this angle the second brane has two real values of the α-parameter: α ≈ −0.1901, −1.8909. If instead we consider the reciprocal case |J 2 | = |J 1 |/2, referred as the Majumdar-Ghosh point [28] , we find only one real positive value α ≈ 0.1225. The point θ = π has a real solution α ≈ 0.26 and the system is in a commensurate regime.
The range of physical significance for the α-parameter is found to be −1 < α ≤ 0.26. The closest brane to boundary saturates the upper bound and corresponds to the dashed minimal surface depicted in Figure 6 .
In terms of the CFT at finite temperature in the regime ∆x · T H ≫ 1, the difference of entropy is
for |J 2 | > |J 1 | and |J 1 | > |J 2 | respectively, as seen in Figure 6 . In both cases, the difference of entropy is a positive semidefinite quantity and therefore it can be used to define a notion of distance between |J 1 |, |J 2 | in a space of couplings. For the case |J 1 | > |J 2 |, the distance reaches a maximum of 3S A .
